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In this paper we investigate the relationship between filters such as Positive Filter (PF), Associative Filter(AF),
Fantastic Filter (FF), and Fuzzy Implicative Filter(FIF) in a lattice implication algebra. Moreover we investigate a

Abstract

filter Fof Lis (i) FF & F, (ii)PF  F, (iii))AF & F, (iv)PF & FF, (v)AF < PF, (vi)AF & FF.

Keywords: Lattice implication algebra, Filter, Implicative filter, Positive fillter, Fantastic filter and associative fillter.

1. Intorduction

According to Bosman Fuzzy filter is an innovative and cost effective fillter suitable for removing
suspended solids from waste water. Because the fuzzy filter has a modular construction and contains a
compressible porous filter medium, it is a highly versatile, compact system that can be operated at extremely high
filltration rates. These unique characteristic allow the filter to be employed for many diverse applications one of them
show in figure 4.1.

1.1 Application of Fuzzy Filter

The fuzzy filter can be used in a large number of situations such as.
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Post filtration of effluent from waste purification.
Filtration of pre settled waste water.
Pre- Filtration for other systems including membrane filtration.
Industrial water treatment.
Cooling water treatment.
Filtration for disinfection.
Water recycling systems.
Pulp and paper process water treatment

Figure 1. Fuzzy Filter
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Xu and Qin [2] introduced the notion of filters and implicative filters in a lattice implication algebra
and investigated their properties, Y.B Jun [3] gave an equivalent condition of a filter and provided some equivalent
conditions for a filter to be an implication filter. In [4] Liu and Xu. defined the notion of prime filters and studied
decomposition theorem of lattice implication algebras. Y. B. Jun [6] introduced the concepts of a positive implicative
filter in a lattice H-implication algebra and proved that

(i) Every positive implicative filter is an implicative filter
(ii) Every associative filter is a filter.

They also provided equivalent condition for both a positive implicative filter and an associative filter. In [7] Jun et. al.
defined an LI- ideal of a lattice implication algebra and showed that every LI- ideal is a lattice ideal. They gave an
example that a lattice ideal may not be an Ll-ideal, and showed that every lattice ideal is an LI- ideal in a lattice
implication algebra. They discussed the relationship between filter and LI-ideals. In[12] Song and Jun introduce the
n-fold positive implication filter in a lattice implication algebra, and gave a relation among a filter, an n-fold
implicative filter and an n-fold positive implicative filter. They represent the relationship between filter through
graph, see figure 1.

A

The symbol » B

mean A should be B. Moreover they gave a characterization of n-fold

positive implicative filters, and establish the extension property for n-fold positive implicative filters.

‘ Positive Implicative Filter )7

Filter Implicative

Filter

Fantastic Filter

n-fold fantastic Filter
n - fold implicative Filter

n-fold positive implicative Filter

Figure 2: FIF [11]

In this paper we introduce the relationship between various types of filter through graph, see figure 2 and figure 3
which shows the relationship between various types of filters, the symbol

Ale—»!| B means A shouldbe B and B should be A.This Work inspired by the Xu[1], Quin[2],
Jan[3] et.al.

Fantastic Filter

Positive Implicative Filter Filter

Associative Filter

Figure 3: Relationship between PF , AF and FF to Filter
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Associative Filter

Y

Fantastic Filter

Positive Implicative Filter

Figure 4: Relationship between PF , AF and FF
2. Preliminaries

We display basic definitions and properties of Fuzzy implicative filter that will be used in this paper. For more details
of Fuzzy implicative filter, we refer the reader to [1], [2], [3], [6], and [9].

Definition 1 [1]: By a lattice implication algebra we mean a bounded lattice (L, v, Vv, 0, 1) with order reversing
involution ' and a binary operation — satisfying the following axioms.

L x>@p—-2)=y->(x-2)
x->x=1

X-oy=y-ox
xX->y=y-o>x=1=>x=y
x-y)-2y=0-x-x
(xvy)=z=x->2)A(y—2)
xAy)2z=x->2)V(y—2)

Nooh~wd

Note that condition (6) and (7) are equivalent to the conditions.

8. x> (WAz)=(x->y)AN(x—>2)
9. x> (yvz)=(x—-1y)V(x— z) respectively.

Theorem 1 [1]: In a lattice implication algebra L hold the following condition for all x,y,z € L

1. 0-x=1; 1-x=xand x->1=1

2. x<y implies(y-»>z)->(x—-2z)and (z->x) <(z-y)

3. x>y~ (2> @x~-2)=1

4 x- (G- -y)=1
In [2] Y. Xu and K .Y Qin defined the notions of a filter and an implication filter in a lattice implication
algebra.

Definition 2 [2]: Let (L, Vv, A, 0, 1) be a lattice implication algebra. A subset F of L is called a filter of L if it
satisfies for all x,y e L .

(F1)1 €F
(F2) x e F and xy € F implies y € F
Lemma 2 [3]: Every filter F of L has the following property x <y andx € F imply y € F forallx,y €F.

Definition 3 [6]: Let x be a fixed element of L. A subset F of L is called an associative filter of L with respect to x if it
satisfies (F1) and

(F3) x(yz) EF and xy € F implyz € F
Forall x,y,z € F. An associative filter of L with respect to all x # 0 is called an associative filter of L.
Theorem 3[6]: Let F be a filter of L. Then F is an associative filter if and only if it satisfies the following property.

x(yz) € F implies (xy)z € F forall x,y,z €L
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Example 1 [9]: Let L ={0,a,b,c, 1}. Define the partially ordered relationon L 0<a < b <c¢ <1 and define
x Ay =min{x,y}, xVy=max{x,y} forall x,y €L the parameter ' and " — " is defined in table 1.1. Then
(L, v, A, ', =) isa lattice implication algebra.

X x' - |0 a b c 1

0 1 0 |1 1 1 1 1

a c a |¢c 1 1 1 1

b b b |b c 1 1 1

c a c |a b c 1 1

1 0 1 |0 a b c 1
Table 1.1

In the sequel the binary operation will denoted by — by juxtaposition. We can define a partial ordering < on a lattice
implication algebra L by x <y ifand only if xy = 1.
In a lattice implication algebra L, the following hold,;

Ox=1, 1x=x and x1 =1,
x = x0
xy < (yz)(x2)
xVy = (xy)y
(ox)y) =xny = (G
x <y implies yz < xz and zx <zy

7. x < (xy)y
Definition 4 [2]: A subset F of L is called and implicative filter of L if it satisfy (F1) and

(F4)x(yz) EF and xy € F imply xz € F for all x,y € L.

'

© g ~rwbdpE

Proposition 4 [2]: Every filter F of L has the following properties

x<yandx € F imply y€ F.

Definition 5 [6]: A subset F of L is called a positive implicative filter of L if it satisfy (F1) and
(F5) x((yz)y)€ F and x€F imply yeF for all x,y,z €L.

Proposition 5[6] Let F be a filter of L. Then F is a positive implicative filter of L if and only if
(F6) ((xy)x) € Fand x€F x,y,z€ L.

Proposition 6[6]: Let F be a non-empty subset of L. Then F is a filter of L if and only if it satisfies for all
xy € Fand z € L ;

(F7) x <yz implies z€F,

Definition 6 [9]: A non-empty subset of F of L iscalled a fantastic filter of L if it satisfies
(F1) and

(F8) z(yx) € Fand z € F imply ((xy)y) > x € F for all x,y,z € L

Theorem 7 [9]: A filter F of L is fantastic if and only if it

(F9) yx € F implies ((xy)y)x €F,forall x,y €L

3. Relationship between Filters

In this section we describe relationship between various filters.

Corollary 8 [9]: Every fantastic filter of L is a filter.
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Theorem 9: A filter F of L is Fantastic filter if and only if it is fillter.
Proof: Let F be a filter of a lattice implication algebra L. Let x,y € F.

Thenx € F and xy € F thisimpliesthat y € F. It follows from (F8) that

xy=x(ly)€EFand x€F
This implies thaty = ((v,1),1)y € F for all z € F, so that F is a fantastic filter.
Conversely, let F be a fantastic filterof Land let zx € F and z € F.

Then z(1x) EF and z € F.
It follows form (F8) x = ((x1)1)x € F so that F is a filter.
Corollary 10 [6]: Every positive implicative filter F of L is a filter.
Theorem 11: A filter F of L is positive implicative filter if and only if it is a filter.
Proof: Let F be a positive implicative filter of L and let x(yz)y € F and x € F.
then from (F5) y € F this implies that
x(yl)y €Fi.e. (xy) € Fandx €F forall x,y,z € L
It follows that y = 1(y1)y € F. so that F is a filter.

Conversely, suppose F is a filter of L then xz € F and x € F it follows from (F2) that

z €EFi.e. xz=x(12)1 €Fand 1€F.
This implies that
xy= (xy)1€Fif z=1then (xy)z€F.

Hence F is a positive implicative filter of L.
Corollary 12 [6]: Every associative filter is a filter.
Theorem 13: A filter F of L is associative filter if and only if it is a filter.
Proof: Let F be a associative filter of L and x(yz) € F then (xy)z € F
It follows that if z =1thenx(yl) =xy € Fand x €F.
Thisimpliesthaty € F for all x,y,z € F. Hence F is a filter.

Conversely, suppose that F is a filter then we have to show that F is associative filter of L
This impliesthat xy = (xy)1 € Fif z = 1then (xy)z € F. It follows that x(yz) € F.
Hence F is a associative filter of L.
Corollary 14 [9]: Every positive implicative fillter of L is fantastic.

Theorem 15: A filter F of L is positive implicative filter if and only if it is fantastic.

Proof: Let F be a positive implicative fiter of L. Then F is a filter of L by (corollary 14).
Letx,y € L be suchthat yx € F .Itis sufficient to show that ((xy)y)x EF.
Since x < ((xy)y)x we get

(((xy)y)x)y < xy put p = ((xy)y)x we obtain.
@p = ((@y)y)x)y ((Cy)y)x)
> (xy) ((G)y)x) [ x < (Gy)y)x]
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> ((xy)y)((xy)x)

= yx
It follows (Proposition-5) that (py)p € Fso from (corollary 14) a € F i.e. i.e. (((xy)y)x) EF.

Hence F is a fantastic filter.
Conversely, suppose F is a fantastic filter then we know that by (corollary-8) F is filter on L.
Now we have to show that F is positive implicative filter, for this it is sufficient to prove that y € F
This implies from (F8) that
x < z(yx)
= xy < z(yx)y
= xy < x(yz)y
= xy < z(yx)y
= x € F therefore x(yz)y € F

This implies that
yEF forall x,y,z €L

Hence F is a positive implicative filter.
Theorem 16: A filter F of L is associative filter if and only if it is a positive filter.
Proof: Let F be a associative filter then we know that by (Thm. 11) it is filter. Now we have to
Prove that F is a positive implicative filter for this we have to show that
x(yz)y € F and x € F thisimpliesthat y € F for all x,y,z € F.
Let F be a associative filter then from (F3) we know that x(yz) € F this implies that x(yz)y € F.
where x € F this implies that y € F. Hence F is a positive implicative filter.
Conversely it is trivially prove that every positive implicative filter is associative filter.
Theorem 17: A filter F of L is associative filter if and only if it is fantastic.
Proof: Let F be a associative filter then from (F3) (xy)z € F this impliesthat x(yz) € F. Let (xy)z €F

then by definition of associative filter z(yx) € Fand z € F imply that z = 1 then (xy) = ((xy)y)x €
F for all x,y,z € L.Hence F is a fantastic filter.

Conversely, suppose that F is a fantastic filter of L then from (F8) we know that z(yx) € F and z € F .
Hence it is trivial that F is a associative filter.

References

[1]. Xu, Y. (1993); Lattice Implication Algebra J. southwest jiaotong Univ., 20-27.

[2]. Xu, Y. and Qin, K. Y. (1993); On filters of lattice implication algebras, J.Fuzzy math. 1(2), 251-260.

[3]. Jun, B. (1997); Implicative filters of lattice implication algebras, Bull. Korean math. Soc. 34(2), 193-198.

[4]. Liu, J. and Xu, Y. (1998); On prime filters and decomposition theorem of Lattice implication algebra J. fuzzy .
math. 6(4), 1001-1008.

[5]. Xu, Y. and Qin, K. Y. (1992); Lattice H-implication algebra class, J. Hebei mining and civil engineering institute
.3, 139-143.

[6]. Jun, Y. B. Xu, Y. and Qin, K. (1998); Positive implicative and associative filter of lattice implication algebra,
Bull. Korean math. Soc. 35(1), 53-61.

9|Page



International Journal of Pure and Applied Researches; 2016 Vol. 2(1), ISSN: 2455-474X

[7]. Jun, Y. B. Roh, E. H. and Xu, Y. (1998); Ll-ideals in lattice implication algebras, Bull.Korean math. Soc. 35(1),
13-24.

[8]. Rao, M. S. (2012); On associative filter of lattice implication algebras, vol.3, 3118-3121.

[9]. Jun, Y. B. (2000); Fantastic filters of lattice implication algebras, Internat. J. Math. And Math. Sci. 24(4), 277-
281.

[10]. Jun, Y. B. (2001); The prime filter theorem of lattice implication algebras IIMMS 25(2), 115-118.

[11]. Jun, Y.B. and Song, S. Z. (2004); On n-fold positive implicative filters of lattice implication algebras, Int. J.
appl. Math and computing, 2(30), 225-235.

[12]. Jun, Y. B and Song, S. Z. (2004); On fuzzy fantastic filters of lattice implication algebras, Int. J. appl.Math and
computing, 2(14), 137-155 .

[13]. Singh, P. Banerjee, A. and Jha, P. (2014); Some other poroperties of fuzzy filter in lattice implication algebra,
Int. J.Comput. Eng. Reserach, 4(9)

[14].Casasnobas and Riera , J. V. (2006); On the addition of discrete fuzz numbers. WSEAS Transaction on
Mathematics, 5(5) 549-554.

[15]. Sharma, P. K. (1916); Semi-simple Intuitionistic Fuzzy G — Modules, International Journal of Pure and Applied
Researches (IJOPAAR), 2016 Vol.1 (2), pp. 101-108.

10| Page



