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Abstract 

In the Lattice Boltzmann method particles are generally allowed to move and collide on the lattice.  

The rules governing the collisions are designed in such a way that the time-average motion of the 

particles is consistent with the Navier-Stokes equations.    The Lattice Boltzman method has multiple 

the advantages as its time and space efficient calculations are forwarded to parallelize, it handles the 

complex boundaries without any difficulty and it directly links the microscopic and the macroscopic 

phenomena. 

By the Lattice Boltzmann simulations there are the examination of quality of the numerical models of 

the porous media and tomographic imaging techniques. The different models were taken to give the 

qualitatively dependence of permeability on porosity, but it also effects of other structural properties 

were shown. These include specific surface area, tortuosity, shape and orientation of particles in the 

medium. The transverse and in-plane flow simulations for PAKKA-model samples augmented the 

characteristics of samples and the solutions e.g., effect of the fibre flexibility. The simulations show 

that results on paper can be sensitive to imaging techniques, since the differences in permeability 

between high and low-resolution images can be seen though results within each technique were 

consistent. The graphs and table indicate the dependency and variation of porosity on Darcy 

permeability and tortuosity. 

Keywords: Lattice-Boltzman method, Multiphase flow, PAKKA-model structure. 

1. Introduction 

In the theory of fluid mechanics for the three dimensional images, the fluids are represented with 

volume and iso-surfaces visualization techniques by using intensity, color and transparency for 

denoting the fluid density.  The fluid movement is observed by the assembling visualizations at the 

series of various time steps into animations.  The three dimensional images also use iso-surfaces to 

delineate the structure of the medium or the surface of structure in which the fluid flow is to be 

modeled.    

The paper related of the fines, fibres, fillers and some other additives that are configured in the 

complex, spatial solid materials formed in the paper formation process. We know that porous 

structure is given explicitly when fibre network is given and the term paper structure will be taken as 

the common structure. The paper structure gives actual paper properties indirectly or directly together 

with material properties of solid materials. The three-dimensional paper structure is much important 

phenomenon for paper material; it is very important to know the detailed knowledge of it. But it is the 

difficult task as the three-dimensional structure is by nature hard to access. The indirect methods have 

been applied for characteristic features of the paper structure. Now, only such indirect methods have 

been used for characterizing the structure of the paper. The x-ray and microscopy techniques and 

increased computer capacity allow the procedures for the development of the whole three- 
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dimensional paper structure. The methods give the development of the knowledge on paper structure 

and how it affects the macroscopic analysis of the paper properties. So that methods to explore how 

three-dimensional paper structure is related to macroscopic paper properties are now emerging, 

alternative indirect methods have been applied for the decades of years. The well expertise 

papermakers know how to varying the production settings for improving certain paper characteristics 

and then to change the structure of paper [4], [5].  

2. Method and Equations 

The motion of fluid is given by the basic equation of fluid mechanics, i.e., the equation of continuity 

given as ߲�߲ݐ + ∇. ሺ� ݑሻ = Ͳ                                                                                                                                  ሺͳሻ 

The Lattice Boltzman method was properly observed and the equations were derived by Aaltosalmi, 

U., et al. [1], [2], [3]. The Lattice-Boltzman hydrodynamics is the mesoscopic approach for 

computational fluid mechanics. The system of macroscopic dynamics will be shown for satisfying the 

Navier-Stokes equation. In the present paper, there is analysis of the fluid and is modeled by the 

particle distributions which moves on lattice divided to various fluid particles. In the concept of one 

lattice time period, the particles propagate with their adjacent lattice points and distribute the 

momentum in collision. The density and velocity of entering particle at site r and time t in some 

arbitrary directions ci can be written as the equation (2). 

On taking fi(r, t) the particle density entering at the site r and at time t with the velocity pointing in the 

direction ci, where i shows the lattice directions. For the lattice time step η and lattice spacing λ, the 
particle velocities are given as: ݒ௜ = �� �௜                                                                                                                                                               (2) 

The evolution equation for fi is given as: �௜ሺ� + ��௜ , ݐ + �ሻ = �௜ሺ�, ሻݐ + ߱௜ሺ�,  ሻ                                                                                                       ሺ͵ሻݐ

Where ωi(r, t) is a collision term i.e., model dependent and decreases or increases the density of type i 

particles. As similar to the kinetic theory, the quantities i.e., density ρ, velocity v and momentum 

tensor M are shown by the equations �ሺ�, ሻݐ = ∑ �௜ሺ�, �ሻ                                                                                                                                         ሺͶሻݐ
௜=ଵ  

�ሺ�, ,�ሺݒሻݐ ሻݐ = ∑ ,�௜ �௜ሺݒ �ሻ                                                                                                                        ሺͷሻݐ
௜=ଵ  

௝௞ܯ  ሺ�, ሻݐ = ∑ ,�௜ఉ  �௜ሺݒ  ௜ఈݒ �ሻ                                                                                                                   ሺ͸ሻݐ
௜=ଵ  

Where the suffix j and k are spatial components of velocity vectors and n shows the number of 

possible directions ci. In the lattice Boltzman dynamics, we have ܯ௜ = ͳ�  (�௜ሺ଴ሻሺ�, ሻݐ − �௜ሺ�,  ሻ)                                                                                                                     ሺ͹ሻݐ

which is based on the single collision relaxation. Then the evolution equation for the system can be 

taken as: �௜ሺ� + ��௜, ݐ + �ሻ = �௜ሺ�, ሻݐ + ͳ�  (�௜ሺ଴ሻሺ�, ሻݐ − �௜ሺ�,   ሻ)                                                                        ሺͺሻݐ
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Here � is relaxation parameter. The term shown in equation  �௜ሺ଴ሻ
 is the equilibrium distribution as 

taken to give the required behavior of fluid.  

The expansion of equation (8) by the Taylor’s method on retaining the term up to second order and 
neglecting the higher order terms, we have � ݐ߲߲ �௜ + �ሺ�௜. ∇ሻ�௜ + �ଶʹ ߲ଶ߲ݐଶ �௜ + �ଶʹ ሺ�௜ . ∇ሻଶ�௜ + ��ሺ�௜. ∇ሻ ݐ߲߲ �௜ = ߱௜                                        ሺͻሻ �௜ = �௜ሺ଴ሻ + ௜ሺଵሻ�ߝ + ଶ�௜ሺଶሻߝ + ⋯ + ௜ሺ�ሻ��ߝ + ⋯                                                                              ሺͳͲሻ 

Here ߝ is small parameter. For finding the term �௜ሺ�ሻ
, n = 0, 1, 2,.., we have � = ∑ �௜ሺ଴ሻ, ݒ � = ∑ � ௜ �௜ሺ଴ሻݒ

௜=ଵ  �
௜=ଵ                                                                                                            ሺͳͳሻ 

∑ �௜ሺ�ሻ = Ͳ, ∑ � ௜ �௜ሺ�ሻݒ
௜=ଵ = Ͳ�

௜=ଵ ; ݊ ≥ ͳ                                                                                          ሺͳʹሻ 

 

Taking 

 
��భ = ,ሻߝሺ݋ ��మ =    ଶሻ                                                                                                                                   ሺͳ͵ሻߝሺ݋

Where t1 and t2 are macroscopic time scales. 

Also,  �ܮଵ =  ሻ                                                                                                                                                      ሺͳͶሻߝሺ݋

Also by cosidering, 

 
�భ� + �మ�మ = ,ݐ � = �భ�                                                                                                                                           ሺͳͷሻ 

Where r1 is the macroscopic scale variable. We have   ߲߲ݐ = ߝ ଵݐ߲߲ + ଶߝ ଶݐ߲߲                                                                                                                                   ሺͳ͸ሻ ߲߲݆ = ߝ ߲߲ሺͳ݆ሻ                                                                                                                                                ሺͳ͹ሻ 

Now all the velocities do not have the same mass mi, so we can write  ∑ ݉௜�௜௝�
௜=ଵ = Ͳ                                                                                                                                              ሺͳͺሻ 

Let us take the function �௜ሺ଴ሻ
 as function of quantities ρ and ρu, we have �௜ሺ଴ሻ = ݉௜�௜ሺ଴ሻ

 �௜ሺ଴ሻ ≅ ݉௜ ቆ�ଵ � +  �ଶݒଶ . ௜ݒ �  ݑ + �ଷݒଶ  � ଶݒଶݑ + �ସݒସ  �  ሺݒ௜ .  ሻଶቇ                                                      ሺͳͻሻݑ

Here a1, a2, a3 and a4 are taken as arbitrary constants. The collision operator ߱௜ will conserve mass 

and momentum, so we have ∑ ߱௜௜ = Ͳ, ∑ ߱௜௜ ௜ݒ = Ͳ                                                                                                                      ሺʹͲሻ 
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The derivation of Navier-Stokes equation by expanding the Boltzman equations (13), (14) and (20), 

[3] we get ߲�ݑ௝߲ݐ + ߲߲݇ ௝௞ܯ] + �ʹ ቌߝ ଵݐ߲߲ ௝௞ሺ଴ሻܯ  + ߲߲݈ (∑ ݉௜௜ [௜௟ �௜ሺ଴ሻ)ቍݒ௜௞ݒ௜௝ݒ = Ͳ                                 ሺʹͳሻ 

The momentum tensor Mjk [3] can be determined by  ܯ௝௞ = ௝௞ሺ଴ሻܯ + ௝௞ሺଵሻܯ  + ௝௞ሺଶሻܯ  + ⋯                                                                                              ሺʹʹሻ �௜ሺଵሻ = ߝ�− �ଶݒଶ  ቆݒ௜௝ݒ௜௞ − �ଵݒଶ�ଶ ௝௞ቇߜ ߲߲ሺͳ݆ሻ ሺ� ݑ௞ሻ                                                                         ሺʹ͵ሻ 

3. Numerical Simulations and Figures 

For the PAKKA-model Structure, the fibre webs are grown randomly depositing flexible fibres 

having the rectangular cross section on left substrate. These are the periodic in xy-plane. For making 

structures homogeneous, surface layers perpendiculars to z-axis are removed. The porosity of sample 

is organized by varying the flexibility of fibres. In this model, fibre width to length ratio is 1/20 and 

the sample size is four fibre lengths in xy-plane and ten fibre width in z-direction. For determination 

of anisotropy of permeability, the imposed boundary conditions are selected in such a way to use the 

structural symmetry inherent in model. The different sample models [1], [2], [3] are shown in the 

figures-1, 2 and 3.  

 

Figure-3.1 

(Generalized description of the three dimensional structure of paper sample [14]) 
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Figure-2 

(Some PAKKA-model samples) 

 

Figure-3 

(PAKKA-model sample: A sample with fines and randomly oriented fibres [3]) 

For the transverse flow, the fluid layers of not less than 0.1% of the thickness of the sample are added 

up and down side of sample. The periodic boundary conditions are used in the z-direction and also in 

the xy-plane due to periodicity of the PAKKA-model in these directions. For in plane flow, 

frictionless slip conditions are imposed at boundaries perpendicular to the z-direction. The values 

calculated by various experiments are shown in the table-2.1 [3], [6], [7], [8]. 

 

Table-1. (The structured parameters and simulated quantities the four different samples) 

 

Sample T (mm) 

Thickness 

ϕ  

Porosity  

k (10 
-10

 m
2
) 

Darcy 

permeability 

S (10 
3
 / m) 

Pore surface area per volume of 

sample 

� 

Tortuosity 

A 0.58 0.479 0.510 20.2 1.190 

B 0.87 0.526 1.47 16.6 1.171 

C 0.66 0.530 0.937 20.5 1.174 

D 0.87 0.560 0.61 15.4 1.166 
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Figure-5 (Variation of Darcy permeability k with porosity ϕ with third order polynomial variation 

trendline curve) y = 0.283 x
3
-2.445 x

2
+6.314 x-3.642 

 

 

Figure-6 (Variation of Tortuosity τ with porosity ϕ with third order polynomial variation trendline 

curve) 

4. Conclusion 

The lattice-Boltzmann method is used for solve 3-D Newtonian fluid-flow problems in the porous 

media given by tomographic imaging and by the numerical modelling. By lattice-Boltzmann 

simulations there are the examination of quality of numerical models of the porous media and the 

tomographic imaging techniques. The different models were taken to give the qualitatively 

dependence of permeability on porosity, but also effects of various structural properties were 

demonstrated. These include specific tortuosity, surface area, shape and orientation of particles in 

medium. The transverse and in-plane flow simulations for the PAKKA-model samples augmented 

characteristics of the samples and give e.g. the effect of the fibre flexibility. The simulations show that 

the results on paper can be sensitive to the imaging processes, since permeability differences between 

low and high-resolution images will be seen since the results within each process were consistent. The 

third order polynomial variations of porosity ϕ with respect to Darcy’s permeability k and Totuosity τ 
are shown by equations (24) and (25) respectively.  
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y = 0.283 x
3 
- 2.445 x

2 
+ 6.314 x - 3.642                                                                          (24) 

y = - 0.283 x
2
 + 0.853 x + 0.601                                                                                       (25) 

The table and graphs analyze the variation and dependency of porosity on Darcy permeability and 

tortuosity. 

Hence the results obtained show that fluid-flow simulations for the PAKKA-model samples and 

tomographic images of the paper grades, can produce results that are similar to those found in the 

experiments. There are obviously also the experimental factors, such as e.g. swelling of fibres in the 

water, which are not included in the present simulations. The fluid flow simulation results of the 

various paper grades could increase the reliability of modelling the processes of paper making, and 

those of wires the possibilities for examine and develop the paper machine clothing. 
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