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Abstract

This paper deals with a new class T (a, B, a, b; c) that is a subclass of uniformly starlikefunctions
involving a linear operator L (a, b; c). Coefficients inequality, Distortion theorem, Extreme points,
Radius of starlikeness and radius of convexity for functions belonging to this class are obtained.
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1. Introduction

Let T denote the family of functions of the form

ADf(D=az-) a,,z2"" (a 20,4, 20k=012,..)

n=2
Which are analytic in the unit open disk A={z: |z|<1}.

The Hadamard product or convolution product of function f(z) €7 and

g(z)=z+ Zb,“kzﬁk ,b,., 2 0is defined as

n=2
(12)  (f*@)=az=) a,,b,, 2"
n=2
Now, define a function @(a,b;c;z) as

(1.3) ¢(a,b;c;z) = Z+i%z"+k

Where (1),, is the Pochhammer symbol defined by

142, =0 A {Ln -0

T |AA+D..(A+n—1),neN.

Now we introduced a linear operator L(a,b;c) which is defined as
L(a,b;c) f(2) = ¢(a,b;c;2)* f(2)

Thus for f(z)eT

forc #0,—1,....,a,b # -1,z € A.
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o b
n=2 (I’l - 1) !(c) n—1

For b=1, the operator L(a,b;c) reduces toL(a;c) which was introduced and studied by Carlson
& Shaffer[1].

1.5 L(a,b;c:2)f(z)=a,z—

We note that L(a,l;a)f(z) = f(z), L2,1;D)f(z) = zf'(z), L(m+1,1;1)f(z)=D™f (z),where
D" f(z) is the Ruscheweyh (Ruscheweyh, 1975), as

. Z
(1.6) D f(z):—mﬂ*f(z),m>—1.

(1-2)
This is equivalently

m zd" .
D" f(z)=—=——/{z""f(2)}
m! dz

For >0 and -1< a <1, we introduced a subclass T (a,B,a,b;c;z) of T consisting of functions
f(z) of the form(1.1) and satisfying the condition

I,ze A

R{z{ua,b;c; /@) _a} L gAlabienf @)
La,b;c;2) f(2) L(a,b;c;2) f(2)

For a; =1,b=1,k=0,T (0,B,a,b;c;z) reduces to TS (a,B,) which was defined and studied by G.
Murugusundaramoorthy (Murugusundaramoorthy et al., 2004).

The main object of this paper is to obtain necessary and sufficient conditions for the functions
f(z) € T (a,B,a,b;c;z). Furthermore we obtain extreme points, distortion bounds, Closure
properties, radius of starlikeness and convexity for f(z) e T (a.p,a,b;c;z).

2. Coefficients Inequality

Theorem2.1: A necessary and sufficient condition for f(z) of the form (1.1) to be in the
class T (0,B,a,b;c;z), -1< a0 <1, B> 0 is that

(a) n—1 (b) n—1
(n—=Dl(c),,

Proof: Let f (z) € T (0.,B,a,b;c;z),then it is sufficient to show that

dLia,bic; ) f(2)) _1‘_1{{“““’1’;“ QO] _1} <l-a.

@1 Slo+k)+f) @+ p)]

a,|<U-a)a,.

|
P \ L(a,b;c;2) f(2) L(a,b;c;2) f(2)

We have

dlL@.bici2)f(2)) _1‘_R{z{ua,b;c; /@Y _1}

ﬂ‘ L(a,b;c;2) f(2) L(a,b;c;2) f(2)
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@b f@)

<(1+p)
(+ﬁ| L(a,b;c;2) f(2)

_ < (a)n—l (b)n—l n+k
a,z ;—(n "D, (n+k)a,,z

<1+ /) -1
ey @,
T B0,
i—(a)”_l ®), (n+k-Da,.,
m (n=Dl(c),,
<A+ p) ———=
03 @O
L Ee-Do,,
This expression is bounded above by (1 — « ) if
- (a)n—l (b) n—1 _ _ _ _ ~ (a)n—l (b)n—l
1+ ﬂ);—(n T (n+k-Dla, |<ad-a)-( a);—(n TR
Ori[(n +k)1+p)—(a+ ,B)]M a,.|<(d-a)a,.

= (n—=Dl(o),.,

Conversely let (2.1) holds. Using the fact that Re (@) > § if and only if |o-(1+8)|<|0w+(1-8)|, it is
enough to show that

dlabcaf@) (|, Jdiabaaf@) |
| Labic)f(2) | Lia.bic; 2 f(2)

Jdrabear@y (| Jelt@beor@r |,
| Labica)f(2) | Labie)f(2)

Let

p_[flabeaf@) (| Jall@hea @) _1‘_0(
| Labief(2) | Labic;0)f(2)

alz_i (a)n,l(b)n,l (n+k_l)an+kzn+k
R =T

< (Cl),kl (b);rl n+k

e

S n-D),, "™

_ ~ (a)n—l (b)n—l n+k
a,z ;7@ Do), (n+k)a,,, z

“ ooy DO

-

an+k
m (n—=Dlc),
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az- i (@),,),, (n+k)a,,, z" +(1—0!)G,Z—

B 1 = (n-10),,
_IL(a,b;C;z)f(Z)I = (a),, (), = (a),,(b),,
n— n— _ n— n _1
L e, e I L T o kD
Thus

2 N (@), (),
%) ™ |- - - DI el
(22)E > Laha) 2-a)a, ZZ {n+k+1-a)+ pn+k-1)| T (@),

Again et F _|atabieaa )y _(H pEUERYIE) —1‘+aj‘
| Lia.bic;f(2) | Lia.bic;)f(2)
) | a,z— i((:)"l;(fc))"nll (n+kya,, " —(1+a)az
ekl +{1+ )Z(( inli(f ))nnll " =P g((:)nliv(( ))nnll( mkDa,
Thus
(2.3)F < Lk L'Z)f(z){ i{(mk l-a)+ pn+k- 1)}%%4

Now, from (2.2), (2.3), it follows that

22| < (@),,),,
24HE — 1- — — WtV el
QAE-F > Tare 0@ {( a)a, ;{(n +k)(1+ ) —(a+ ﬁ)}(n T a,.,

Thus (2.1) proves the theorem.

The result is sharp. The extremal function being

(n+b1+p)-(a +ﬁ)}MZ ey
(235 f()= (n-Dc), ! .
(n+ioa+p-@+py | (@)1 (D),

-D!(c),,
Corollary 2.2: Let the function f(z) defined by(1.1) be in the class T(a,p,a,b;c;z).Then
(I-a)a,
26) a,, < ,n>2
¢ (a),,(D),

{(n+B)1+ )~ (a+ B T

Corollary 2.3: If f (z) € T (a,B,a,b;c;z),thenfor any c>-1, the function g(z)defined as
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Z

@n  gl@= C—” [r Foyar
Z

0
Also belong to T (a,B,a,b;c;z).

Proof: From (2.7) it follows that

- c+1 -
rrma [

S\c+n+k
Then (2.1) yields the result.
Remarks: (i) T(«,,pf,a,b;c;z) < T(e,, B.a,b;c;z)for 0<a, <a, <L, 20

i) T(a,p,,a,b;c;z) cT(a, f,,a,b;c;z) for B, > B, >00<a<1.

3. Distortion Theorems

Theorem3.1: If f (z) € T (a,B,a,b;c;2), then for Z€EA

3 (1-a)c k42 (1-a) k+2
(3'1)‘1‘('4 Car prkarpal jg 7)< a1(|z|+ Rt prkis e j

and
(I-o) k+2 (I-o) k+2
3.2 — <|L(a,b; <
( )a'OZ' {2—a+ﬁ+k(1+ﬂ)}|z| J [Labie)f ) a'(|z|+{2—a+ﬂ+k(1+,8)}|z| J
Proof: In view of inequality 2.1), it follows that

(a) n—1 (b)n—l

a,, <(I-aa,.

Sl + 61+ B)— (o + )]

(n—=Dlc),

. (@,.,(b),., .
y the fact thatTls non-decreasing for n > 2.Then
ab & - (@), (b)),
{2—a+ﬂ+k(l+ﬂ)}7;an+k Snzzzl[(n+k)(l+,6’)—(a +ﬂ)]mam
<(-a)q,.
& (d-a)ca,

or ;a’”k S 2—a+ frk(+ )b
Therefore

1-— k+2
<3.3)|f(z)|2a1(|z|— (d=ac E j

2—a+B+k(+B)lab"

and
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G412 Sal(lz|+ (=ak | |]

<
2—a+ p+k(1+ B)}ab
From (3.3) and (3.4) inequality (3.1) follows.
Further, for f (z) € T (a,pB,a,b;c;z),inequality (2.1) gives

(a)n 1( )n 1

{2- a+ﬁ+kﬂ+ﬂﬂ§% DE).

a,, <(-a)a,.

Or,i (a)n 1( )n 1 n+k < (1-&)611
— (n—=D!(c), 2—-a+p+k(+ )}

Thus,
| ~ (l-a) k+2
@ﬁlumhdf@ﬂz%od Q_a+ﬁ+kﬂ+ﬁHM j
and
. (1 — a) k+2
(3.6)|L(a,b;0) f(2)| < a1(|z| + 2-a+B+k(+p)) g J

On using (3.5) and (3.6) inequality (3.2) follows.

Remark3.2: The bounds in (3.1) & (3.2) are sharp, since the inequalities are attained for the
function.

2—a+ B +k(1+ B)}abz —(1—a)cz*™

37 f(2)= 2—a+B+k(l+p)lab

, where 0 < A <1.

Corollary3.3: Let f (z) € T (a,p,a,b;c;z),then by disk A is mapped on to a domain that contains

2—-a+p+k(1+ p)}ab—(1-a)c
2—a+ p+k(1+ p)}ab

a disk of radius al{

and by L(a, b;c)f(z), the disk A is mapped on to a domain that contain a disk of radius

4 {3-2a+p+k(1+ )}
R-a+p+kA+p)} |

The extremal function given by (3.7) shows the sharpness of these results.

4. Extreme Points

Theorem 4.1: Let
1-a)a .
@1 fi(x)=az and f,(2)=a,z~ A=y "

_ (a)n—l (b) n—1
&"+“G+ﬂ)(“+ﬂﬁm—nmmﬂ
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forn>2, k=0,1,2

...... sthen f (z) € T (a,B,a,b;c;z), if and only if it can be expressed in the
form

4.2) f(z)= idnfn(z) , whered, >0 and idn =1.
n=1 n=l1

In particular the extreme points of T (a.,f,a,b;c;z) are the functions given by (4.1).

Proof: Let f(z) be expressed in the form (4.1),then

) - - J k
f(Z):Zdnfn(Z):aIZ_Z ( a)al n n+

Z
n=2 . (@), (b)),
kn+@ﬂ+ﬂ)(a+ﬂﬁm_nmmﬂ

Wheret ., = -
n+k _ (a)nfl (b)n—l
(n+io@+p—t@+ pf 70
Now, since

S _ (@),,b),, R
;{<n+k><1+ﬂ> (a+ﬁ)}—(n_1)! otk = > (-w)ad,

=(-a)1-d,)a, <(1-a)a,.

n=2

Therefore, f (z) € T (a,B,a,b;c;z).

Conversely, let f (z) € T (a,B,a,b;c;z),then(2.1) yields

(1-a)a, n+k
A, < @) 7" forn > 2.
{(” +k)(1+ B)—(a+ 'B)}(n—l)'(c)nl

Setting d, = A+ ) =@+ @), (O, a,,forn=>2
(n-Dlc), 1-a)a,

andd, =1- idn .

Then f(Z) :alz_i (1_a)a1 annJrk

n=2 (a)n—l (b) n—1
{n+l)1+p)—(a+p)}-— =t
(n—-Dl),,
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—az-Yd la— £.(2)

=az(1-) d)+>.d,f,(2=2.d,f,(2)

This completes the proof.

5. Radius of Starlikeness

Theorem 5.1: Let f (z) € T (a,B,a,b;c;z),then f(z) is starlike in |z| <r(a, p,a,b;c),where

{((n+ k)1 + ) —(a+ )@, (B),, [+

,n=>2,k=0,12.
(n=Dlc), ,I-a)n+k)

(5.1)r:inf{

Proof: It suffices to show that

G
f(2)

<1

n+k—1

Y (n+k-Da,,lz
<=2 <1

o0
n+k—1
a] - Z an+k
n=2

G
f(2)

L.

4

n+k—1

Z <a

(5.2) or i(n+k)an+k
n=2

It is easily to see that (5.1) holds if

e {((n+k)A+p)—(a+ P a), b),,
(n-Dc), (1-a)n+k) i

This completes the proof.

6. Radius of Convexity
Theorem 6.1: Let f (z) € T (0,B,a,b;c;z),then f(z) is convex in |z| <r(a, p,a,b;c),where

1

n+k-1
,n=2,k=0,12.

61 reinf] (OB~ @+ H@),, G
(n-Dlc), ,Ad-a)n+k)

Proof: Upon noting the fact that f(z) is convex if and only if zf'(z)is starlike, the
Theorem(6.1) follows.
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